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4: A intersection body for a workshop ventilation 
 
 

Preliminary remark 
The workshops Emden BBS II are aired by the shown conduits.  
Besides, two cylinders of the same diameter d which should be connected by soldering with 
each other clash. 
There is in the BBS II six such ventilation ropes with three 
connection points in each case. 
For the expense budgeting of a metal building contractor it 
is important to know how long the connecting lines are, 
around 
�¾ to tear the parts before the round on a board metal 

(metal need). 
�¾ To be able to determine the seam length to determine 

the need in aid like flux, plumb line material among 
other things. 
 

 
 
Task      
a) Determine for the shown body with 

radius r and height h k r= ⋅  the cut curve 
representation in the coat winding 
up! k + ∈ |  

b) Determine the length of the cut curve for 
general r! 

 
c) Calculate the coat surface! 

 
 
 
 
 
 
 
 

 

CA

x

D

z

B

E

y

F
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5: Problems with friction – bodies pulled on plane surfaces 
             
Task 1 
 
A body of the mass of m is pulled on a horizontal 
base (frictional coefficient µ according to the 
selection of materials). Calculate the angle  α to 
minimize the force F.  
 

 

 
 
Task 2 
Determine the retention force so that the body 
with the weight  G (friction constant µ0) does not 
slip off on the inclined plane! 
 

 

 

 
 
 
 
Coefficient of friction 
 

coefficient of static friction µ0 coefficient of sliding friction µ Rolling friction f 
Material 

dry lubricated dry lubricated mm 

Steel on steel 0,2 0,15 0,18 0,1 ... 0,08   

Steel on cast-iron 0,2 0,1 0,15 0,1 ... 0,05 

Steel on Cu-Sn-alloy 0,2 0,1 0,1 0,06 ... 0,03 

Steel on steel, 
soft 0,5 

Steel on  polyamide 0,3 0,15 0,3 0,12 ... 0,05 

Steel on friction lining 0,6 0,3 0,55 0,3 ... 0,2 

Steel on steel,  
hard 0,01 

Transmission belt on cast-iron 0,5 - - - 

Roller bearing - - - 0,003 ... 
0,001 

Car tyre on 
asphalt 4,5 

           

 
 

 

α G

F

G

α

F
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6:  Problem with friction no. 2 – belt friction 
Preliminary remark 

As an example of belt friction I use a mooring pile. It is a short steel cylinder which is used to 
moor ships. If you put a rope with some loops around such a mooring pile, one  person is 
able to hold great tractive forces. 

 
 

As you can see in the picture above   

  1 2= + RF F F   

You can easily find out that the transferable 
tractive force becomes bigger, the greater the  
looping angle α is. 
Moreover, the tractive force depends on the 
coefficient of friction, so that 

  1 2( , , )µ α=F f F  
 
 
Task 

Show that the law of belt friction, also called Equation of Eytelwein 1 2
µ α⋅= ⋅F F e , can be found 

by using the measurements of a classroom experience – see the table below: 
   e = logarithm to the base of e 

  µ = coefficient of friction between rope and cylinder 

  α = looping angle in radian 
 
 
 

F1

F2

FR

α π= ⋅6

α

F2

F1

ϕ

dϕ
FR
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Measurements of an easy experience have proved:       
    
cylinder 1 α [rad] 0 π/2 π 2π 4π 6π 

 F [N] 10 8 6 3.4 1.6 0.4 

cylinder 2 α [rad] 0 π/2 π 2π 4π  
 F [N] 10 7 4.6 2.4 0.4  
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1: Deflection curves 
Approach: 4 3 2

4 3 2 1 0:f y a x a x a x a x a          

 
Conditions 
f(0) = 0 
f‘(0) = 0 
f‘‘(0) = 0 
It is sufficient to look upon 

4 3
4 3:f y a x a x     

 
 
 
 

3 2

2 4 3

2
2

128
( ) 0 135

1 128( )
10 135

( ) 0 3
4

af L L

f x L a
L

f x x L

 
  




   


    

    

      4 3
3

128: 0.2 1.2
135

f y x L x L x L
L

        


  

 
Tangent line in the floating 

Bearing:     
32:
15

t y x L     

 

Inflection point:   48/
2 135
LW L 
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The wright solution 
 
Deflection curves – an incomplete worksheet 

Sag by forces 
perpendicular to the 
beam 
 
 
 
 
 
 
 

9
2

8
2

210 10

9 10

stahl

Holz

NE
m

NE
m

 

 

 

Sag / deflection curve ( ) ( )w x w x dx   w in [m] 

Gradient 1( ) ( )w x M x dx
E I

  
   w'(x) ohne Einheit 

Static moment  
1( ) ( )w x M x

E I
   


 M in [Nm] 

Shearing force  
1( ) ( )w x Q x

E I
   


 Q in [N] 

Line load 1( ) ( )w x q x
E I

  


 q in N
m
 
 
 

 

Area moment of inertia I  in [m4] 

Modulus of elasticity E in 2

N
m
 
 
 

 

Conditions for the 
bearing 

clamp ( ) 0
( ) 0

fest

fest

w x
w x



 
 

 
   
Bearing  ( ) 0

( ) 0
Lager

Lager

w x

w x



 
 

 

 
Remark:   A floating bearing cannot take up a static moment, so we have one other   
  condition  w‘‘(L) = 0  
 

Approach:  4 3 2
4 3 2:f y a x a x a x        

Solution:  4 3 2 2
3

0.769308( ) 2.5 1.5f x x L x L x
L
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2: A bending problem       
 
If one folds the material at 90°, you’ll get the following result: 
 
To find a general solution, we take away all the masses and 
implement the parameter u, v and .   

Conditions:    und  AB BC BC CD    

     und  HG GF GF FE   

 

The angle  is determined by the variables u and v, the bending angle is named . 
 
Solution 
The cutting angle is the angle between two 
planes 
EABGH und EBCFG. 
Formula: 

1 2

1 2

cos( ) n n
n n







 

 
Therefore the coordinates of point G are to be 
determined using the variables u and v.
 

 

E

A

B C

D

FG

H

u

v

 

B
C

G F

H

A
D

E

x

y

z

Joint / parting line
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 2 2

2 2

. . / /

x u

y u i e G u u v u

z v u

 

     

 

 

 
The normal of EABGH and EBCFG are 

2 2
1

2 2

01
0
0

u
n u v u

uv u

   
   

        
            

 

2 2

2

2 2

0
1 0
0

u v u
n u

uv u

    
   

       
            

 

 

The dot product:      2
1 2n n u   , 

The absolute value of the product   2
1 2n n v  , 

The solution       
2

1cos u
v

   
  

 
. 

For u = 206 mm and v = 506 mm one receives  80.4596    

 
Solution with CAS (TI-Nspire) 
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3: A three-point bending test 
 
It is very difficult to find a solution analytically. 
Students drawings with a CAD-program have resulted in the following table: 
 

 
Using linear regression, you receive the following functions:     
 

(3 ) 1.825 27      for     2.5
(4 ) 2.196 27     for     2.5

z t t t
z t t t

   

   
  Diagram 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

t 2.5 5 7.5 10.0 12.5 15.0 17.5 20.0 
z(3t) 31.54 36.32 40.69 45.31 49.84 54.42 58.99 63.57 
z(4t) 32.45 37.94 43.43 48.97 54.41 59.93 65.39 70.83 
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To prove the result of the linear regression, you can also think of this task as an extremal 
problem  
Declare two lists: t  lx 
 z(3t)  ly 
and a function ( )g x m x b     

 
The solution with a CAS 
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4: A intersection body for a workshop ventilation 
Equation for the line of intersection ( for h = 2r) 
The left picture shows a part DC of the line of intersection from the unrolling. 
The right picture shows the whole line of intersection with a horizontally flipped part. 
 

 

Conditions for the cut curve: 

  
(0) 2 (0) 2

0 0
2 2

f r f

f r f r 

   

   
      

   

 

 

Set up:  ( ) sinf x a b x c d        

One can read out directly:  d = 2r  a = -2r    c = 0 

For b one finds out   1b
r

    

( ) 2 1 sin    für x 0;
2

xf x r r
r

    
        

    
 

 

2 cos xf
r

 
     

 
  

 
 
 

D

B C
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The length of the line of intersection 

Formula:    
21 ( )

b

a

L f x dx    

 In this case:  
22

0

( ) 1 2cos
r

xs r dx
r




  
     

  
  

CAS are not able to solve such a definite integral, but if one declares r = 1, r = 2, … you’ll get 
the following table for the length of DC. 
 

   
 

To verify this solution, you can also determine the length of an ellipse with the half-axis 
5  and  a b r   . 

 

Total area of the corpus 

 Ellipse with 5   und  b ra r    

 Circle with R = r     and 

 
2

0

4 ( )
r

A f x dx




    

 

     
 2 2

2

5 4 2

11.308
ges

ges

A r r r r

A r

          

 
 

 

r

s(r)

2 4 6 8

2

4

6

8

10

12

 

r s(r)   

1 2.63518   
1.5 3.95277   
2 5.27036   

2.5 6.58795   
3 7.90555  s(r)  2.63518r 

3.5 9.22314   
4 10.5407   

4.5 11.8583   
5 13.1759   
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5: Problem with friction – bodies pulled on plane surfaces 
 

A horizontal plane 
 
1. Take away the bottom support 2.   Connection between the forces 



 



  

   

      

 

              R

V

               F
;   G m g;   

F sin( ) sin( )
cos( )

H R N

N V

N

H

F F F
F G F

F F m g F
F F

       

  
 
 
 
 
 

 
3. To determine the minimum force 

It is enough to determine the maximumof the denominator to find the lowest force. 
 

 
 
 
 
 
 
 

 

General formula:          
 

 



   

1tan ( )
 0.2 11.3für

 

 
This formula is part of textbooks of mechanical engineering. 
 
 
 

 

 

 

G



F

FH

F
V

FN

FR
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A sloped plane 
  
1. Take away the bottom support 2.   Connection between the forces 

FRo: Force of static friction 
FN:   Normal force 
FE = FRo + FN 

This way we build an oblique triangle; with the law 
of sine we get   

 
   

 
 

  

 




 


 



0 0

0

0

sin sin 90

sin
sin 90

F G

F G
 

     
 
 

 




 

0

0

sin
cos

F G   

  
  
Addition theorems: 

       
 

 
 
 

 

 
 
 

0 0

0 0
0 0

00

0

sin cos cos sin
cos sin

  with tan
cossin

sin cos
cos

F G

F G

   

 
 


 



  
  


 

  
     

   

 

          0sin cosF G  

 
There are two cases which can be distinguished: 
 

 0   that means:  
 

  
0

sin 0
0

cos
F G    

0 0     that means:  
 

 


   
sin

sin
cos 0

F G G   

 
 
 
 



0




G

FN

F

FE

.

0
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6: Belt friction 

Derivation from measured data 

a) Evaluation 

With exponential regression one finds 

1( ) 10.2665 0.8474 3( ) 10 0.85
2( ) 10.4763 0.7748 4( ) 10 0.79

x x

x x

f x f x
f x f x

    

    
 

b) The differences        

With ln( )aa e  follows  

0.1625
0.1625

103( ) 10 x
xf x e

e
 


        und   

0.2357
0.2357

104( ) 10 x
xf x e

e
 


   .       

X: wrap-around angle;  
Still the values  0.1625 or 0.2357 are to be 
explained.   
 

There friction is different between both cylinders and the rope 

The coefficient of friction  is 0.1625 respectively 0.2357.  

The general formula for belt friction 1 2F F e    

    F1  the force to hold 
   F2  the force one needs to hold F1 

    the wrap-around angle 

    coefficient of friction 
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Analytical deduction 
If you look at the small sector of the circle (see 
graphic) one can determine the balance of forces. 
 

           d cos d /2 d cos(d /2) 0s s n sF F F F   (1) 

         d d sin d /2 sin(d /2) 0n s s sF F F F      (2)   

For a very small angle one can write: 

cos(d / 2) 1  and  sin(d / 2) d / 2     (3) 

You can also ignore the higher-order product 
d d / 2sF  

The result of  (1) and (2) 


 



  
  

 

d d =d
d d

d d
s n R

s s
n s

F F F
F F

F F
 

With 0 .   const  and    you get for the 
state of  equilibrium the differential equation 
 

   0d ds sF F  

 

Solve this DE with “separation of the variables” 

 

   0
d ds

s

F
F

 

 0 0
d d     ln( ) ln( )s

s
s

F F C
F

           

  
 

    
 

0ln( ) ln( ) ln s
s

FF C
C

 
 

  0
sF C e  

With Fs = F1 and the initial value C = Fs(0) = F2 you’ll get the Law of  Eytelwein 

 

 
  0

1 2F F e  

  


