Inspirations from Outside

Josef Bohm, ACDCA & DUG, Austria, nojo.boehm@pgv.at

Abstract: As a regular reader of journals, daily and weekly newspapers, digital newsletters,
etc, I got many inspirations for treating the presented problems or ideas by means of a CAS. It
is obvious that tables presented in scientific and economic journals inspire for graphic
representation and statistic investigations. This will not be treated in this talk.

My examples shall demonstrate that one can find interesting and challenging problems for
applying a CAS not only in textbooks. These problems can be for students of various
mathematical levels and just for one’s own entertainment. Among these examples are:
modelling a baroque pillar with an interesting cross section, finding an analytic proof for a
geometric problem, investigating the equation of a locus which was generated by a dynamic
geometry program, modelling a special evolution strategy, and modelling the pricing of call &
put options. Solving brain twisters discovered in journals or in respective collections of such
problems with a CAS need other competencies than solving them by reasoning (see also my
respective workshop).

A very special inspiration was given by working with LUA — a programming language which
can be used with TI-NspireCAS. Clifford Pickover’s “Mygalomorphs” get a new quality by
applying sliders for changing shape and colours rapidly. This realisation of the “inspiration”
was the result of a fruitful communication with a Swiss colleague.

In my demonstration I will use mainly DERIVE and TI-NspireCAS — because I am most
familiar with these both systems.
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Many teachers are fixed on the problems given in the textbooks or which can happen in the future on the
kind of tasks given in the central exams.

It is my opinion that the math teacher should open the eyes and senses of the students for recognising
mathematics in their environment and encouraging them feeling "inspired" by mathematical contents to
treat them with their tools.

Over the years I found many inspirations for working with CAS — not only with my favourite means — the
background pictures. I am a regular reader of several journals and weekly newspapers and receive a lot of
newsletters from various software products.

You can expect a mathematical picture book with several chapters with not so detailed mathematical
explications. If you would like to get more information then please feel free to contact me.

I B D G Information Pages of Geometry

Aufgabe 13.3 - schwierig

This problem was the INSPIRATION
for my INSPIRATIONS-Lecture from
today.

Find a parameter form for the

H H Man entwickle eine Parameterdarstell fur di
Surface Of the dep|0t9d baroque plllar' Oberflache der dargestellten Brarzrcsk:éiﬂlr:eg.‘ S

The interesting part was modelling the cross section.

I took an epitrochoid and worked — not surprisingly — with sliders changing the parameters of the cross
section curve and the screw surface.
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pillar = [CDS(sj-rosel + SIN(s)-rosez, COS(s). nnse2 - SIN(S)-rcse1. c-s]

=330 &

c =085 )

00—} 3m

As the graph in the IBDG reminded me on a spiral surface I could not resist adding this solid, too. The
centre picture is a screen shot from the Nspire (software) pillar.
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0 <=t<=12PI, 0 <=5 <=5; -5 <= x,y <=5, 0.5 <=z <=1

r=160

0. 4
c=1.40
e L

I sent my solution to the editor of the IBDG — and it was published.
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Gerhard Schropfer, the editor, suggested another interesting way to generate the cross section. He strings

a sine wave along a circle.
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The solution of the IBDG-publisher

r(u) = r_ + a«|SIN(b-u)|
[rCu)«COSCu), rlud«SINCu)]
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Spektrum

DER WISSENSCHAFT

A special relation between
triangles is investigated. A
simple construction leads to a
chaotic dynamic system.

Spektrum der Wissenschaft, the German edition of Scientific American,

is a rich resource for mathematical problems.

GEOMETRIE UND CHADSTHEDRIE

Dreiecksbeziehungen

Aus einer schlichten Kanstruktionsvorschrift wird ein chaotisches
dynamisches System mit den Uberraschendsten Eigenschaften.

Vo CRECOIRE NICOLLIER

igentlich st ein Dreleck nichts wei-
terals cine Menge von drel Punkten
in der Ebene = seinen Eckpunkten. Aber
die klassische Geometrie kennt eine

Fille von Objekten, die man aus diesen

direl Punkten konstruleren kanmn, sowle
von Beziehungen dieser Objekie unter-
einander. Bebspicle sind dic spezicllen
Purlkte aus der Schulgeometrie, in de-
nen sich beme rkenswerterweise jeweils
drel gleichartige Geraden schnelden:
die Mittelsenkrechten, die Winkelhal-
bierenden, die Hihen und die Seiten-
halbierenden

Entsprechend viele Moglichkelten
gibt &3, aus einem Dreteck ein anderes
zu machen. Man kann zum Beisplel als
Eckpunkte des newen Drefecks die Mit-
telpunkie der Seiten des alten nehmen

Nach 14 Schritten des Splegelungsvorgangs ist das kieine rote Dreleck endlich
spitowinklig (geibes Dreleck) und relst tu seiner gheichseitigen Grenzform weiter.
Wie verkiiuft sein Weg?
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Take any triangle in the plane and apply the following construction:
The vertices are reflected with respect to their opposite sides, giving the next triangle:

Black > Red - Blue

1 3 steps on the Nspire Screen

Generalisation with DERIVE:

R =0
2 2
g, R} =y - R = —————«{x - R 2
2 R -0 1
1 1
R =10
1 1
A, R, Plizy - P = - — iz - P )
2 R -0 1
Fa 2
SOLUTIONSCg(Q, R} A n(Q, R, P), [x. yIO

The position vector of P' (mapping of P) is given by a short vector calculation.

I generalise with DERIVE and we will inspect the DERIVE file and what will happen with the iterated
triangles!

trs{A, B, C, n) := ITERATES([PM(v Cowoow dy PMGy v, v D, FMOy v v D, PMOy v, v )}, v, [A, B, C, A]l, n)
1 2 3 2 3 1 3 1 2 1 2 3

The initial triangle:

Y2 5
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After three and after five iterations — the triangles become larger ...
trsl:[?:'l 3':|| [_5| _z]l [l:ll 4]I 5}
tr‘s[[}'l 3':|| [_5| _z]l [I:II 4:|| 3'} Tau

ANEE

120

115

10

20 -15 -10 % 5 10 15

.... and after 10 iterations: trs([3, 3], [-%, =21, [0, 4], 10D

1300 +

1250

t t t t t A X t t t t
-200-250 ZDD—lSD—IDE\SD 10048550 200

1_ch

F—=100

1150

Now let me perform 25 iterations and inspect the last four triangles:

Ctrs([3, 3], [-5, =21, [0, 4], 251
[22, 23, 24, 25, 26]
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I have to zoom out very far to find them. The triangles tend to become equilateral!!!

6 106

108

2 106

0

-5 ldKQ\/jf Y \\\/§floﬂe 1
L2 10%

1047

In the Spektrum is given a Map of the Triangles which reminds on fractal patterns:

Die Landkarte der Dreiecke

T ] 1 N T = T I 3 T ¥ T & 1 by T 4 T

0 10 20 30 40 50 0 70 30 90 Grad

On the axes are two angles of the initial triangle (degree).

green: next step is an acute triangle — which tend to an equilateral triangle
blue: next step is a triangle in the green region
red: next step is a triangle in the blue region
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From a German “Scientific American Special Issue”
(1990).

Spektrum

DER WISSENSCHAFT

I was — again — inspired by an article in an extra publication of the Scientific American where among
many other inspirations A. K. Dewdney presented "Pickover's Delicacies".

Clifford A. Pickover I was always fascinated by his creatures — the

COMPUTERS, | BIOMORPHS but I never tried bringing them to life -
PATTERN,
CHAOS, AND
BEAUTY

Graphics from an
Linseen World

sin{z) + 2 + ¢

’

sinfzZ) + 7+ ¢

Bild 1: Einige Biomorphe und ihre erzeugenden Funktionen unter dem Mikroskop.

Pickover's Book is one of my —many — Small creatures - - a result of an programming error.

favourite books.

c+— 5+.0i It is an iteration of complex numbers e.g. z(n+1) =
FORj — 1 TO 100 Z(n)™3 +c.
FOR k — 1 TO 100
berechne z, We check if abs(real(z(n))) or abs(imag(z(n))) for n <=
12 10 exceeds the value of 10 then we will not plot the
FOZR ”Z‘;+1 TO 10 initial point, otherwise we will plot it. The initial
- c o . .
IFreal(z)| > 10 OR|imag(z) [> 10 complex numbers are within a given rectangle in the
THEN verlasse die Schleife complex plane.

IF|real(z)| < 10 OR|imag(z)|< 10
THEN zeichne(j,k) schwarz
ELSE zeichne(j,k) weiB

Transfer from a Meta Code into a DERIVE program



maplz) =
biomorph(n, rmin, rmax, imin, max, black, col, 20, 3, k, dr, di, u) =
Prog
black := []
col = []
dr = {rma¢ - rmin)/n
di = {max — amand/n
1= 0
Loop
If ] = n exit
k=0
Loop

IT k = n exqt
20 = rmin + Jedr + Lo Cmin + kedid
z = z0
"DISFLAY"
u=1
Loop
z = map(z, <
"DISFLAY (23"
If ABS(RE(z)) = 10 v ABS{IM(z)) = 10 exit
IT u» 10 exit
oo+ 1
It ABS{RE(z)) <« 10 v ABS(IM(z)) < 10
Prog
black := APPENDC[[RE{203, IM{z03]1], blackD
col = APPEMD([u], col)
k 4+ 1
7 +1
black

2
map(z) =2z + 0.5

biomorph(120, -1.5, 1.5, -1.5, 1.5)

BN e P

biomorph{300, -6, 6, -6, &)

3
#5: mapfz) =z - 0.5

#7: biomorph{120, -1.5, 1.5, -1.5, 1.5) "‘\

Some little beasts
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#14: map(z) = SIN(z) + 22 + 0.5 - 0.2«
#15: biomorph(200, -8, 0. 0, &)

#16: biomorph(200, 0, 8, 0, 8)

#17: bicmorph(200, -8, 0. -8, 0)

#18: biomorph({200, 0, &, -8, 0)

z 2
#19 map(z) = ————— 4+ 2 =1L
SIN(zZ)

#20: biomorph(150, -1.5, 1.5, -1.5, 1.5)

It is funny to extend the investigated part of the plane and to play around with combinations of functions.
The fractal nature of the Biomorphs will become visible when we zoom in is special regions.

2
map{z) := SIN(2) + z + 0.5 - 0.2.¢

biomorph(200, 0, &, 0, 8)

biomorph(200, 3.3, 3.4, 3.65, 3.75)
b
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The interesting fact is that Pickover discovered the Biomorphs because he made a mistake in a program
investigating several kinds of fractals.

2
z 1
map(z) = —m8 ——— - — - L
SIN(z + ) z

biom(120, -3, 3, -3, 3)

Sp

DER WISSENSCHAFT

I will demonstrate Quasi Random Numbers.

They play among others an important role in
financial Mathematics.

STOCHASTIK

Spiel mit dem Zufall

11
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We will start with creating the van Corput Sequence — which is a nice application of number systems.

The next illustration describes the recipe for generating the first eight “quasi random numbers” which are
fractions in [0,1).

. ganze Zahl Bindrzahl Umkehrung Kommazahl
Ein Rezept Bl o) s 0 skl i) -
fir Quasi- L T OSUNG ST U, (PR 3/ ®
Zufallszahlen 2 — 10 — 01 —= 0,01 - 5 /5 L
S e (T | R < G - @
4 — 100 — 001 — 0,001 !/s—| (=]
SRR (2 FLEE 1 R 3101 oy °
6 —_ 10 — 0N — 0,01 — /54 =
7, == U = WM = 0mM 1 S —
0 e Yy 3/ s 56 3y s 1
The DERIVE realisation:
corput_(x, b:=2, p, o) :=
Prog
[o:=10, p:=1/b]
Loop
If x =0

RETURN o

o + MOD(x, b).p
(x - MOD(x, b))/b
p/b

corput_seq(n, b = 2) := VECTOR(corput_(k, b), k, n)

o
X
p

1 1 3 1 5 3 7 1 9 5
COFPUt_SEq(lo) STy Ty Ty T Ty Ty Ty Ty Ty
2 4 4 8 8 8 8 16 16 16

Equidistant x-values and respective van Corput values on the y-axis give quasi random points within a
given rectangle (from left bottom = Ib to right top = rt)-

From the Sequence to Quasi Random Points (Hammersley)

hammersley(n, 1b := [0, 0], rt:=[1, 1], b= 2, a_, b_, x_, y_) :=
Prog
[a_:= rtyl - Tbil, b_ = rty2 - 1hy2]
X_ := [VECTOR(1byl + i/n-a_, i, 0, n - 1)]
y_ := [VECTOR(1by2 + k:b_, k, corput_segq(n, b))]
APPEND(x_, y_)"

Taking another number base we get so called Halton Sequences and we can have two Halton Sequences
on both axes resulting in a Halton set (= a set of quasi random points).

12
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halton_seq(n, b) := corput_seq(n, b)

halton_seq(10, 2)

halton_seq(10, 3)

halton_seq(10, 5)

A Halton Set

halton_seq(n, b) := corput_seq(n, b)
[ 1 1 3 1 5 3 7 1 9 5
halton_seq(10, 2) = | —, — — —, —, —, —, —|, —, —
[ 2 4 4 8 8 8 8 16 16 16
[ 1 2 1 4 7 2 5 8 1 10
halton_seq(10, 3) = | —, —, —, —, —, —, —, —, y —
[ 3 3 9 9 9 9 9 9 27 27
1 2 3 4 1 6 11 16 21 2
halton_seq(10, 5) = | —, —, —, —, —, — |, — | — | —, —
5 5 5 5 25 25 25 25 25 25

Now let's apply these Quasi Random Points and compare with
Random Points (Monte Carlo Method).

I don't take the example with the circle in order to find an approximation for PI.

15.2643 - a

VECI'OR[ .100, a, [15.0613, 15.36, 1_542213]]

15.2643 u* 15.2643

[1.329900486, 0.6269530866, 0.2817030587]

The maximum error is 1.33%.

Ordinary Monte Carlo Method

polpts := halton(3000, [0, 01, [4, 81, 2, 3)

DIM(SELECT(p(v , v ), v, polpts)) = 1434
1 2

32 3000
SOLVE| — = , a| = (a = 15.296)
a 1434

15.2643 - 15.29
—— | = 0.002076741154

15.2643

polpts := halten(3000, [0, 0], [4, 8], 5, 11)
DIM(SELECT(p(v , v ), v, polpts)) = 1433
1 2
32 3000

SOLVE[— = .
a 1433

a] = (a = 15.28533333)

15.2643 - 15.2853
—— | = 0.001375759124

1 I 2 3 4

15.2643

Errors are 0.2% and 0.1%. Convincing or not?

13
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I take a hexagon in the plane and would like to find its area (which is 15.2643 — calculated by Nspire in
the Geometry-Application). The students could do it by applying analytic geometry or vector calculation.

I plot 3000 points into a circumscribed rectangle (three times applying MC) finding errors between 0.28%
to 1.33%.

Two different Halton sets (again 3000 points) give the area with an error of 0.2% and 0.1%!!
This makes the difference!!

We can extend into space calculating the volume under a surface.

What is the volume under the surface?

2 2
X y

gx, y) =1l - — - —
2 2

pts3d := halton3d(1000, [0, 0, 0], [1, 0, 0], [0, 1, 1], 2

DIM(SELECT(g(v , v ) = v , v, pts3d)) = 667
1 2 3

667
= 0.667

1000

1
1 2
J og9(x, y) dx dy = —
0 3

0

plot3d1ist(SELECT(g(v , v ) > v , v, pts3d))
1 2 3

plot3d1ist(SELECT(g{v , v ) < v , v, pts3d))
1 3

The result is not so bad!!

I told about applications of quasi random numbers

— in financial mathematics. Doing some internet
II ' research I came across other algorithms for
' generating quasi random numbers as Faure
. . sequences and Sobol sequences. The “nice” fact is
Quasi-Monte Carlo Methods in

Numerical Finance

Corwin Joy, Phelim P. Boyle, and Ken Seng Tan

that in most resources the same text is given. It
seems to be that “Copy and Paste” is exercised in a

very high degree.

The QRN given by a Faure sequence are product of an iteration process using an upper triangle matrix of
binomial coefficients.

Among the many papers which I inspected on the web there was among others thesis containing an
“interesting” upper triangular matrix of binomial coefficients. See the “thesis”-matrix and the correct one
on the next page.

14
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How to generate the 100™ quasi random point in 4D-space using base 5:
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Representation of 100 in base 5 is 4005 which gives 0.004 = 4/125 = 0.032 (Halton sequence). This
number is — represented as a vector [0,0,4] multiplied by this upper triangle matrix.

o R HiB {HF H

4 1 3 4 1 1 4 1 4 4
[,++ el —rr——
125 5 25 125 5 25 125 5 25 125
4 119 34 49
= = = =
125 125 125 125
[0.032, 0.952, 0.272, 0.392]
al"faure" erfolgreich gespeichert
frai[on(QOOO,[O O],[E 2},&5) Define fal.u‘e(n,s)=
2 Prgm
Coordinates in lists halx & haly" | ||Local p,irie
) p::rrexzprime(s)
Fertig |fau: =newMat(rr,s)
countIf(seq(j{hai‘x[k})?haiy[k]kld1m(hai\c)) —tr'ue) 1631 | |ir=1
163l m 2.56197 While ir<n
b:=(1ist}mat(com'_r'ev(ir)p)))*
2000 Forils
fam‘e(lO,é) dlm(b)[l
QMC-numbers in columns of matrix fau [ir,4] z mod(b )p'k)
Fertig k=1
fau b::mod(frm(dlm(b)[l])' b,p)
0.142857 0.142857 0.142857 (0.142857 0.142857 0.142857 EndFor
0.285714 0,285714 0.285714 0.285714 0.285714 0.28571. M| =ir+l
0.428571 0428571 0.428571 0.428571 0.428571 0.42857; f|EndWhile
0.571429 0.571428 0.571429 0.571429 0.571429 0.57142¢ J|PisP "QuC-numbers in columns of matrix fau"
0.714286 0.714286 0.714286 0714286 0.714286 0.71428¢ EndPrgm
0.857143 0.857143 0.857143 0.857143 0.857143 0.85714:
0.020408 0.163265 0.306122 0,44898 0.591837 0.73469
0.163265 0.306122 0.448%93 0591837 0.734694 087755
0.306122 0.44858 0.591837 (0.734694 0.877551 0.02040¢
0.44898 0.591837 0.734694 0.877551 0.020408 0.16326! =
13/99

3]

15
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QMC-numbers in columns of matrixz fau
Done
TARLE ]
THREE DIMENSIONAL FAURE SEQUENCES fau 1101
3103 3
noaim e Jadm | 8 ] 6 | e S
1 1 0 1] 13 173 173 - - -
2 2 0 0 |2 |2 | 23 3 3 3
3 0 1 o | w | 4w | 79 1 4 7
" 1 1 o |49 | | - = =
5 2 1 0 | T | | e s 9 9
& o 2 o | | | 5w 4 7 1
7 1 2 o | 50 | 2 | &e 5 5 o
8 2 2 o | &9 | 59 | 29
9 0 0 1| 1271627 | 137 7 1 4
o | 1 0 1| 1oe27 | 25027 | 22027 )
1| 2 0 L [1o07 | w27 | a7
2 8 5
9 9 9
5 2 8
We can compare the 3D Faure Sequences given o 9 9
. . . . 8 5 2
in the Financial Mathematics paper and the TI- S 5 3
Nspire generated sequences. 1 16 13
. 27 27 27
There are also Sobol-sequences which I have 0 25 29
not generated until now — another Inspiration? = o
19 7 4
27 27 27

Where to use these QRN will be shown in my next “Inspiration”.

Moritz Adelmeyer

CALL&PUT

Einfihrung in Optionen aus

wirtschaftlicher und mathematischer Sicht

Introduction in Options from Economical and Mathematical Point of View
A great introduction into Option Pricing (discrete and continuous model).

16
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What are Options?

A call option gives the buyer of the option the right to buy the
underlying asset at a fixed price (strike price or K) at any time prior to
the expiration date of the option. The buyer pays a price for this right.
At expiration,
+ [fthe value of the underlying asset (S) = Strike Price(K)
- Buyver makes the difference: § - K
+ If the value of the underlying asset (S) < Strike Price (K)

Buver does not exercise

A put option gives the buyer of the option the right to sell the
underlying asset at a fixed price at any time prior to the expiration date
of the option. The buyer pays a price for this right.
At expiration,
+ If the value of the underlying asset (S) < Strike Price(K)
Buver makes the difference: K-5
« If the value of the underlying asset (S) > Strike Price (K)

Buyer does not exercise

A STRANGLE is purchase and selling of a Call- and Put option of the same stock
with different strike prices but same expiration dates.

APPEND([[StockPrice, W/L Call, W/L Put, W/L Strangle]], TABLE([Payoffv_Call(2l.5, 320, x),
Payoffy_Pur(20, 280, x), Payoffv_Call(21.5, 320, x) + PayoffV_Put(20, 280, x)], x, 200, 440, 20))’

StockPrice 200 220 240 260 280 300 320 34D 360 380 400 420 440
W/L Call 2.5 21.5  21.5% 21.5 21.5% 2L.5 21.5 1.5 -18.5 -38.5% -58.% -78.5 -9&.5
W/L Put —60 -40 -20 0 20 20 20 20 20 20 20 20 20

W/L Strangle -38.5 -18.% 1.% 21.5 41.5 41.5 41.5 21.5 1.5 -18.5 -38.% -58.5 -78.%

#28: Payoffv_Call(21.5, 320, x) + PayoffVv_Put(20, 280, x)

40
30
20
WiL 10
_1@0 40 60 80 100 120 140 160 180 200 220,240 260 280 300 320 340 360n380 400 /420
-20
-30

Stock Price

The question is: How can we find the correct price of the options. (Options are bets on fall or rise of
stocks and other goods like currencies, gold, and others.)

17
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Take any stocks, say NoRiskComp stocks. What we need to know are the stock prices of the last periods
(say 12 months). Then we can calculate the percentage change from one period to the other (rendite) and

further the average profit and its volatility.

kurse :- [1665, 1820, 1676, 1730, 1785, 1942, 2210, 2149, 2193, 2142, 1825, 1897, 1835]
RENDITE(kurse) = [0.093093, -0.0791208, 0.0322195, 0.0317919, 0.0879551, 0.138002, -0.0276018, 0.0204746,

-0.0232558, -0.147992, 0.039452, -0.0326831]

RENDITE_PROZ(kurse) = [9.3093, -7.91208, 3,22195, 3.17919, 8.79551, 13.8002, -2.76018, 2.04746, -2.32558,

-14.7992, 3.9452, -3.26831]

AVERAGE(RENDITE_PROZ(kurse)) = 1.10278

VOLAT_PROZ(kurse) = 7.89387

rend := [9.3093, -7.91208, 3.22195, 3.17919, 8.79551, 13.8002, -2.76018, 2.04746, -2.32558, -14.7992,
3.9452, -3.26831]
DIM(rend) 2

z (1.10278 — rend )
i-1 i

12

7.55781

We have mean 1~.1% and volatility = 7.6%.

We will generate the possible developments of the stock prices with DERIVE and we will inspect the
possible prices at the end of the third period. Stocks can rise or fall from month to month:

Possible stock prices after 1, 2, 3 or 4 periods

avg = 1.1%, volat = 7.6% — avg —volat <= rendite <= avg + volat
-6.5% <= rendite <= 8.7%

2233 |
2054 j
- - 1.087 - 1880 2233
__
— 1087172 m 1921
T s 1692
1520 s 1421

5|

Aktierkwrs | .

Aktienkurs = stock price

18
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The CAS-Binomial Model
Possible stock prices after 2, 3 or 4 periods based on estimations are:
kurs_binmod(kurs, avgrend, volat, n) := VECTOR(kurs-(1 + avgrend +

n -k k
volat) - (1 + avgrend - volat) , k, 0, n)

kurs_binmod(1739, 1.1%, 7.56%, 2) = [2053.236534, 1767.529407,

1521.578325]

2233

kurs_binmod(1739, 1.1%, 7.56%, 3) = [2231.046818, 1920.597454, 12?;
1653.347008, 1423.284365] 1421

kurs_binmod(1739, 1.1%, 7.56%, 4) = [2424.255473, 2086.921194,
1796.526859, 1546.540791, 1331.340195]

What is the price of a call option on NoRiskComp stocks after 9 periods?
optpr(stpr, exerc, avgrend, volat, periods, r, v, klist, zlist, tabelle) :=
Prog
tabelle = []
r:=1 + avgrend + wvolat
v =1 + avgrend - wolat
k1ist = VECTOR(rd2(stpr-r*k-v*(periods = k), k, pericds, 0, =1)
zTist := VECTOR(IF(kTistik > exerc, rd2(kTistik - exerc), 0), k, periods + 1)
tabelle = [k11st, zlist]"
optpr(1739, 1800, 0.003, 0.04, 9 EEN—
06.03. [ 13.03. | 20.08.

[ 2540.14 740.14 ] Stock price raEi 2540 — 1800 =740
2345 31 545 31 Option pric_e_2435 | 740 profit when exercised
2165.42 365.42 | 635 |

2335 | | 2345 |
1999.33 199.33 586 | | 545
| 2249
1845.98 45.98 | 449 -
2156 | 2165 |
1704.39 0 357 | | 365
| 2076 |
1573.66 0 27|
1991 | | 1999 |
1452.96 0 L1S2S et = _199
1917
1341.51 0 STl 7R
1838 1846
[ 1238.61 o | 662 | | 46
770 |
The option price depends on the stock price and its e 2k L
parameters (avgrend, volat) and on the exercise (or strike) 100 | |_1%
price. %3-‘-‘
The option price is calculated backwards by a simple 867 | | 1574 ]
linear system of two unknowns. = 1500 e
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20 02, XX
We buy x; stocks (stock price 1890) and invest y; EURO at 0.125%% per month.
20. 03. XZ{: then we will have

either 2054 x; +1.00125 yy = 254 (option value when exercised)
or 1767 x; +1.00125y, = 0 {option value — not exercised)

x; = 0.8830, y; = — 1562 €
Option value on 20. 03. X3X: 0.8850 - 1890 — 1562 =110.70

Lol =4, 07% [p.a.

_ fomontl Iiouth,

] ;
250 wx, 0:4‘}'4 /‘,/p.m
484, %K Ao z.xx 2 o5y
Lt )
Joi-— Afecl = 21y le'L,'cu vaalng
Ax %o
_— -
¢
1 et
0 et 2x el e A
Aotk

[18.01. [ za.01. | 30.01. | 080z | 13.02. | 2002 | 27.02. | 06.03. | 13.08. | 2008,

One example from e —ﬁom
call & Put — i

_ Optionsprois 2335 | | 28¢5 |
. o 0
25 | 2249 |
2 o 4 - o
(2148 | (=288 3165 |
| o a 0
2058 | |_2087 2078
41 | | L 0
1973 | 1982 | 1681 1990 _|
16.8 | 78 | ] 0
1802 1800 1808 | 7T
0.3 278 | | 145 1]
1814 1822 | | 1830 | 1838 1848 |
44 608 | 455 | 272 0
7 | 747 175 | [irez 1770
118 104 a8 | | 128 &1
1675 1682 1888 | 1687 1704
188 | a2 | | 18 | 12 ]
1813 1820 | [eer | 1534
200 189 | | 77 166
1853 | 1560 | 1567 1574 |
50 | 241 | 233 736
1498 | [Tisce | 1508 |
304 | 2080 201
1440 1447 1353 |
H 3 - 3607 a8y 347
Put Option Price = 118 B E—
M3 a0
Stock Price = 1739 | 13% | 1342 |
asar | T 458
v & i 1288
Exercise (Strike) Price = 1800 [ste |
12 |
5681
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Can we do not only the calculation but also set up this option price tree wit a CAS? This is a challenge,
indeed. But we can!!

Please keep the Option Price in Mind: 117.56

2540.14
. . - 0
Put Option Price = 117.56 riss 2
Stock Price = 1739 g
233502 2345 31
Exercise (Strike) Price = 1800 = =
2238.75 2248 .62
(1] o
2146,45 2155 .92 Z165 .42
1] (1] o
2057 .56 2087,03 2075,15
4.14 4] o
1973.12 1591 .51 1990, 55% 1095 3%
16,81 7.75 L] 0
1840, 77 1900.11 1908, 4% 1916. %
40, 25 27.9 14.53 o
1£13.78 184.77 1329.81 1837.87 1845 .68
7444 G, 82 45.51 7. 22 o
1739 1745, &7 1754 .37 1782.1 1765, 87
117.56 104,31 85,61 7Z.61 51.02
1674 .65 1632 .04 1539 46 16506, 91 1704, 39
155.3 142,36 128.18 112.2% 95,61

Black & Scholes Formula is the continuous model — based on a more or less — random rise or fall of the
stock price. The stock price follows a Brownian motion — see possible charts:

geombrownCy0, m, Y, o, 11st, deltaT, 1, %, yJ) =
Frog
deltaT = 1/m
Tist = [[0, y0]]

e
[N
s
o

¥ + deltaT
y = y-(1 + p-deltaT + o-RANDOM_NORMAL(1, 0)-./deltaT)

7

+ 1
RETURMN 1

geonbrown(50, 800, 0.01, 0.4)
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And this is the right moment to point to the quasi random numbers. The Monte Carlo Method using
(pseudo) random numbers is substituted by applying QRNSs.

BlackScholesC(kurs, ausueb, volat, zins, perieds, dl, d2, r) :=
Prog
r:=21+ zins
dl := (LNCkurs.r®periods/ausueb) + volat®2.periods/2)/(volat.fperiods)
d2 := d1 - volat-Jperiods
RETURN NORMAL(dl)-kurs - NORMAL(d2)-ausueb/r"periods

BlackScholesP(kurs, ausueb, wvolat, zins, periods) := BlackScholesC(kurs,

ausueb

ausueb, volat, zins, periods) - kurs +
periods
(1 + zins)

59.414

BlackScholesC(1739, 1800, 4%, 0.03%, 9)

BlackScholesP(1739, 1800, 4%, 0.03%, 9) = 115.561

Put Option Price = 115.56
Stock Price = 1739
Exercise (Strike) Price = 1800

We have kept in mind 117.56 as result of the Binomial Model, looks quite good!!

Let me leave financial mathematics and turn to Geometry (Expressions)!
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Geometry Expressions Newsletter

Problem of the Month

A =tring of length L 1= pinned at points & and B. Point c 1s the location of a
pen, constrained by the string so that |AC|+|BC| = L

The locus of C i=, of course, an ellipse with foor A and B and major axis L.

What is the locus of point O, the incenter of the triangle ABC?

[F == [-e, 0], G := [e, 0],

[equl := |P - F| = ¢, equz

[ 2 2
equl = J(e 4+ 2-e-u+u

a_ = b_ c_ = b_
ang_bisa_, b_, c_, t) = b_ + * -t

[fl :z ang_bis(P, F, G}, f2 :z ang bis(F, G, P, s)]

2 2
% y -{a + &)
#33: — + ——— =1
2 2
e e -(a-e)
_ _]— a L -\l H— !n
3 = N
.'; _“__"f—{ ;’; .l
{ /"' IL\ N *}I’ .
‘ | . Inspiration: | wanted more ...
S _~  What is the envelope of the circles?

=|P-G| =2.a-¢]

P = [u, v]]

2 2 2 2z ]
+v)=c, equ2izJle - 2-eu+u +v)=2a-=-c¢

la- - b| le- = b|

#32: The Tocus of the incircle centers 1s an ell1pse.
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] ooo

e
3"'-5;0 '0'#:?;"0;.;“1“‘:““-‘;\.‘

KA

T m{i'i..
},}I [
B,

2
(t =52-(5-t = 50-t + 71)

2
3-(t - 10-t 4 13)

2
(t=-53-(5-t = 50-t + 71)
SOLVE| =:x; t

2
3-(t - 10-t + 13)
2
#-(315 =« )
ACDS| ———
2 3/2

(x + 900 2
2-f(x 4+ o
3

2
2.Jtx  + 90).C0S

Again my beloved sliders. The envelope can be imagined but how does its equation look like?

Z 3f2

2
(t = 53)-(5-t =50-t + 71) 4.(- t + 10-t - 15)

2 2
3.(r = 10-t + 13D 3-(t = 10-t + 13)

& 4
2025y 10935 .y 19683y

4 2

2
B 4 | 4617wy 2| /73y 10935y
Blex + % » = 87| + x - + 19683 | « + -

15 & 4 16 16 2

= 59049 = 0

It is a nice manipulation — using the power of a CAS — finding the implicit equation from the parameter

representation. I would not like to do it by pencil & paper.
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Another geometric challenge was
this heptagon.

ABCDEFG is a regular heptagon.

[ is the intersection of BD and CE, ) is the intersection of CF and BE, K is
the intersection of CG and BF, L is the intersection of AC and BG.

Show that 8,C,1).K,L are vertices of 2 regular heptagon.
An interactive illustration is hars.

Can you generalize this result?

Phil Todd: Yes, this is an example where the CAS may be counter-productive, as those
general trigs are not at all easy for it to deal with.
My proof avoids lengths and stays in the angle domain...

(Phil is the author of Geometry Expressions.)

2ekem 2ekem
pel(n) = VECTOR[[a-CGS[ ]‘ a-SIH[ ]}‘ k, 0, n]
n n

11(n) = VECTOR(1(n, 1, k, t), k, 3, n = 1)

1F2(n) = VECTOR(I(n, 2, k, 5), k, 4, n)
polnew(n) := APPEND[[(pa'I(n)) ] VECTOR[SUBST[(]fl(n}) . t, (SOLUTIONSCCIFLn)) =
2 k k

(f2(n)) , [s, t1)) ] k, 1, n- 3]. [(poT{n)J ]J
k 1
1,2

po1(12)

POLYGON_FILL(polnew(12))

Generalizing and plotting the
HEXAGON.

But this is not a proofll
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21 is the intersection point of two cormesponding diagonals in an n-gon with circumscribed circle = 1 and
diagin, i.]. p} is the segment connecting vertices ptin, i} and ptin, j) of the n-gon in parameter form (parameater p);

[ =) (=)
ptin, k) = |CO5 , SINM
n n

Finding the intersection point of any pair of comesponding diagonals

(SOLUTIONS(drag(n, 0, k, s) = diagin, 1, k + 1, tJ, [s. t1¥)
1

T ek m mk 7
SIN| — -CUS[ SIN| — |05
] f 1 1 n mn
S —
kil ik 2 2 fad mek
2 -CCIS[—]-SIN[ ] 2 rCCIS[ ] 51 N[ ]
n n n n _
w mek 3
SIN| — |«C05
n n 1
= SUBST| diagin, 0, k, s), =, + —
2

]
[y o) (o2 L
SR £

=

Q2 is the next intarsection point
02 := SUBST(OL, k, k + 1)

Gk S 2amik 3am 2emak m m
Cos * - C0S - + (05 # —| = OS5 —
f n n f f r n
2emik ERY s 2emek T b I
24| C0S + + COS # — | = 2.005 —
fn n n f n
4k S 2amik ETT 4 2emek ” b
SIN + - SIN + - SIN + — | = SIN| —
n n n n n n n
2umek 3o 2.mk m m
2+ Q0% + + COS + — | = 2.005 —
n n n n n

| {let) calculate the length of the segment G Q2 and find that it does not depend on k

(7]

This is a bundle of bulky trig expressions — b Ut this is a nice result!!

0z

laa - qz2| =

I didn’t expect this pretty formula for the length of one side of the polygon!!
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| can be sure that all edges of the polygon have equal lengths (nice result)
but what about the angles? They should be equal, too,

Calculating the angle < Q1 Q2 Q3.
| need the next intersection point in the row, Q3;

03 := SUBST(Q2, k, k + 1)

In order to hawve mor & comfortable expressions | substitute min = o - n = nl

i
al_ = SUBST[Ql, n, —J
X
2
2 SINCo) + SINCk vot) «00S(k o0t} SIM(a) COS(k )
Ql_ := |CosCk.-a) - \ + SINCk.a) COSCk o)
COS{a) CosS(od
m
Q2_ = SUBST[QZ, f, —J
i
m
Q3_ = SUBST[QE, n, —J
o

Finally DERIVE finds for me the angle formed by the two vectors [Q12,Q1] and [Q2,Q3]
first with angle o

[rl:=02_ - Ql_, r2:=0Q2_ - Q3_]
rl.r2 m m

ACOS[—] = SIGN(SIHCE-&))-[— - MOD(2 e, ?T)J + —

|r1]«|r2| 2 2
2o = 2nfn is definitely less r » SIGN{SIN{2x)) = 1
m— MODC2-x, m)
Back substitution: o« = w/n, declaring n > 3 and then simplifying:
n € Integer [3, =)

2.

n

which is exact the angle of the given n-gon.
All angles of the new polygon are equal.
Our proof is complete and perfect!
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The MNU (=Mathematisch — Naturwissenschaftlicher Unterricht) is an organisation of German teachers

for mathematics, information technology, science, chemistry, biology and geography.

Die Evolutionsstabilitat

RoLaNn KOrrL

Evolutionary Stable Strategies

A strategy which if adopted by all
members of a population cannot be
invaded by a mutant strategy through
the operation of natural selection.
(Note that a strategy is the behavioural
phenotype of an individual, usually a
composite of behaviours.)

hitp :/Afvww life, umd.edu/classroom/

von Verhaltensstrategien

Dargestellt und verifiziert mit Hilfe einfacher Excel-Simulationen

-'.L-—._ ,_—-*‘ =
Falke Ta
BeschidigungskEmpfer Kommentkimpferin

Abb. 1. Graplische Elemesile einer PowerPoint-Pritsesitation zur Ver-

dentlichung der Strategie-Varianten i simer Population tont Lebewesen

ciner Art = Fallke= = Tieube mit Falkenschmabel als Symbol fiir den
miger)

The birds can earn or loos Fithess Points depending on
whom they are encountering This table shows Falcon meets Falcon.

A B c F

H

Simulation des Fitness-Gewinns bzw. FItness-Verlusts
wenn ein Falke auf einen Falken trifft

1

2

: |W'ENM2uhI|mhl <= 0,5;"Sieg";"Niederlage™) 5 Finess.

-] Thehrer e Progra e wepderholen! Gesambdurchschniti

& Programmst it Taste F9 -26,8

T &,

B Semudations- Tutalks Siag oder Fotrmess. duichchimmc R,

9 Schte 2aM0,0-10 Gewnn\erist Fiiness Gewn.v\ \\

00514550
08814537

% | Mittelwert von
]‘-25 10000

08680017 S50 Fitnoss-
1 0MTET 825 Simulations-
i5 Zufallszahl 07774278 T Schritien
18 rwischen 0, B404577 1-72;?”7_ —
17| 0,00und0,99.. | 04900503
138 —.—u-—r--— 0, 7231694 . ﬁ?b
1% 9 0.5037641
20 10 0 8722834 - r Finesspunkts
- | WENNZufallszahl <=0,5 ;50 ;-100) | Wm-mm
21 = urchschovibchar Filness-Gawinn-Venst
M.
2™
= 1]
2r 1

500 1000 1500 o) 2800 .

2|10 “awseans|  Expected Win/Loss
30 ehar . _
. Faness- of Fitness = -26.8
n Gewinn/-
= Verhust
34 |-30
3t
36 Lao -
a7 F@.p
10 |50

2

38
-l e —
Abb, 2. Simiulition ey Vielzahd vow Sicy- und Ninderlage- Erviguissen beim Falke-Falle-Begeguunpéyp ke F-F)
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Roland Ko6ppl, the author of the article sent an extended Excel-file for the simulations which inspired me
to reproduce this simulation using CAS:

exp_fitness(n, wp, 1p, 1, fp, dummy, res, rd) :=
Prog
dummy := RANDOM(0O)
res := [[0, 0]]
fpi=0
i=1
Loop
If 1 >n
RETURN res
rd = RANDOM(1)
fp = fp + IF(rd < 0.5, wp, 1p) Falcon meets Falcon
e i (L3, fp/A1D) on the DERIVE screen.
Expected Fitness is -25 Expected Win/Loss = see below.

exp_fitness(1000, 50, -100)
il

!
Ul

=50 50 100 150 200 250 300 3500 400 450 500 550 600 650 OO 7SO0 500 850 900 950 1000
o

25 1

iy -
~40 "i.w“-”‘-r‘”-

=50

FIRST(REVERSE(exp_fitness(1000, 50, -100))) = [1000, -26.65]
FIRST(REVERSE(exp_fitness(10000, 50, -100))) = [10000, -26.215]

FIRST(REVERSE(exp_fitness(10000, 50, -100))) = [10000, -25.375]

Anteil der Fallen Asrtnil dur Falkan
an der Lot

ST 1L

§
g
f
g
g !
]
§
i
i
|

(100,900)

(900,100}

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000 6500 7000 7500 8000 8500 9000 9500 10000
0.1

Percentage of Falcons in the whole population: Excel & DERIVE
http./Amww.indiana.edu/~cuntweb/S318/5318/Aecturexiflecturexi.html
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It was in 1996 when I attended a Excel-seminar given by a colleague from Burgenland. Together with
numerous examples of Excel applications in financial mathematics and economics he demonstrated how
to generate random landscapes.

IBCG 1/1996 29

\

Mein Hang zu/in Excel,

oder wie man zufillige Gelandeflichen auf Knopfdruck erzeugt
von Jakob Knabl, PadAk Eisenstadt

My Slope/inclination infto MS-Excel
(see the date of publication!)

Unm eine Tabelle mit obigen Zufallszahlen zu erhalten, braucht man nur in zwei Zellen die richtigen
Formeln schreiben und diese Formeln dann in die anderen Zellen kopieren.

Die Formel fir Zelle C6 lauter: =B6+(AF-ZUFALLSZAHL())*MA . Damit wird zum Wert der
links davon stehenden Zelle (hier B6) ein Vielfaches von MA addiert. Die Funktion Zufallszahi()
liefert eine Zahl zwischen 0 und 1, sodall der Faktor, mit dem MA multipliziert wird, fur zB
AF=73% zwischen -0,25 und 0,75 liegt

Kopiert man die Formel aus C6 in die Zellen D6 bis 6, so erhilt man eine geeignete Profillinie P
Die Profillinie P2 kann nicht auf gleiche Weise erhalten werden, damit sie nicht unabhéngig von P1
und damit die Gelindefliche stark zerkluftet ist, Sie muB in engerem Zusammenhang zu P1 stehen,
sodaB folgende Formel fir die Zelle D6 vorgeschlagen wird: =C6+(0,5-ZUFALLSZAHL())*MA,

My DERIVE mountain range:
slope(ms, af, =f, n, h, hh, 1, k, aux) :=
Prog
hh = []
b= ITERATES(x + (af — RANDOMCL) D ems, =, 0, n)
b= VECTORCLO, k — 1, hek], k, DIMCRDD
k =1
Loop

ITk=n+1 exit
aux = ITERATES{[wil + 1, w12, wi3 + (0.5 — RANDOM{13 ) ems.sf], v, [0, k - 1, hiky3], n
hh = APPENDChRh, [aux])
k o+ 1
COFRDIECTIONC hhY

Description of the program parameters:
n is the number of grids (n x n)
ms is the maximal increase in the first profile (in the yz-plane)

afis the “slope factor with 0 < af'< 1 (1 = monotonous increasing, 0.5 = increasing or decreasing equally
likely)

sf describes the dependency of one profile line from the last one (from left to right).
Good old COPROJECTION from DERIVE DOS times produces the complete grid of the landscape.
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slopel3, 0.8, 0.5, 200

slope(2, 0.5, 0.6, 403

and another one which is steeper and wilder

slope(ld, 0.8 0.6, 20)
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ZEITELEONLINE LoGicALs

The weekly German journal Die Zeit presents in every issue a “Logical”. These are brain twisters or brain
teasers — puzzles which can be solved by logical reasoning. Then I found a lot of other resources offering
problems which are nice to be tackled by means of CAS.

Family Wulffers spends the holidays on family Oxens farm. When Mrs. Oxens shows
her farm to the four Wulffers children she asks "How old are you?".

Tanja laughs and answers: "Four years ago Hannah and | were of double age as
Ralf and Paul were together."

Her twin sister Hannah proceeds: "And when Paul will be as old as Ralf is now then
Ralf will be as old as | am now."

Mrs. Oxens looks despaired when Ralf says triumphantly: “When | will be one year
older than Tanja is now then Paul will be three times as old than Hannah then will be.

Good Mrs. Oxens looks a little bit scared and Paul adds: "I have calculated that in
twelve years our ages will sum up to exact 100 years."

Now Mrs. Oxens is completely confused and says: "Ok, one of you cannot calculate
but if the statements of the other three are correct, then | do know your ages."

Who did not calculate correctly? How old are the four Wulffers children?
The solution will be given in my “Brain Twisters Workshop”.

Another kind of problems are so called “Alphametiks”:

MAI
Substitute the characters by integers such + JUNI
that the calculation becomes correct. + JULI
ALPIN
I worked with DERIVE because the Nspire’s memory is “too small”.
First of all I reanimated and adapted a program T E %
from an early DERIVE Newsletter to generate all
all k-order permutations (without repetition = A E
variations) of n elements given in a list (vector). A X
See how this function works: perm([A, E, R], 2} = W A
A E
L E A |
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I define the four numbers according to the decimal places of the characters and the equation is the
condition which must be fulfilled by the numbers.

[numl := 100-m + 10-a + i, num2 := 1000-j + 100-u + 10-n + 1i]
[num3 := 1000-j + 100-u + 10-1 + i, s := 10000-a + 1000-1 + 100-p + 10-i + n]

cond := numl + num2 + num3 - s = 0

[m::v,a::v.i::v,j::v.u::v.n::v.1::v,p::v]
1 2 3 4 5 6 7 8

all :- perm([O, 1, 2, 3, 4, 5, 6, 7, 8, 9], 8)
As we have eight characters we need eight different numbers out of 0 through 9. all is the list of all
possible permutations. How many?

The SELECT command finds out the 5 0 3 2 1 9 4 8 ]
right solution vector:

SELECT(cond, v, all) =| 1 0 6 3 5 8 7 2
9 0 6 3 1 8 7 2

9 0 6 3 2 8 7 4
9 1 2 7 4 6 5 81}

It seems to be that there are more SELECT(cond A v % 0, v, all)
solution. Inspecting all vectors we find 2

out that the second element — which Mo, 1, 2, 7, 4, 6, 5, 8]}
represents the character A — cannot be 0.

So only the last combination is a possible needs 842 sec for how many checks?
solution: COMB(10, 8)-8! = 1814400

n
—

We see that A must be 1 or 2, let’s try with A

[m::v. 1=V, JiEV , U=y, nEv, Te=v,pi=v, axl
1 Z 3 4 5 6 7

cond = (= 100-v = S990-v 4 S-v + 200-v + 2000-wv = 7.v + 100-v = 9590 = 00
7 6 5 4 3 2 1

all = perm([0, 2, 3, 4, 5, 6, 7, 8, 9], 7

(v iz (SELECT(cond, v, all)) ) =v :=[9, 2, 7, 4, 6, 5, 8]

v cond, v, a . v 6 912
anly 64 sec now! 7462
[numl, num2, num3, s] = [912, 7462, 7452, 15826] 7452

COMB(9, 7)-7! = 181440 15 826

We can see that it can be helpful to mix two strategies: Reasoning and “CASing”.
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I’d like to show you the puzzle which inspired me to look for more Teaser (in German: Knobeleien or
Hirnverzwirner).

11 Da raucht der Kopf

Mathematik: -
Schwierigkeitsgrad: 6

Aufgabenstellung:

Schreiben Sie ein Programm, das folgendes Problem l&st:

C00P:0006-28050
QOO+ @00:-0000
POS - C0-$000

Abb. 11.1: "Da raucht der Kopf"

]

n

Jed_e Figur bedeutet eine Ziffer. Selbstverstindlich sind gleiche Figuren auch
gleiche Ziffern. Welche Ziffern sind an welche Stelle einzusetzen?

(Gerd Kebschull, Computer Knobeleien, Heise 1989)

(The Brain Twisters Workshop offers more examples and a collection of 50 problems in German and
English as well).

Clifford Pickover appears a second time as “inspirator”. Meet his Mygalomorphs which I met in
MathPAD Online:

Spider Nets - lines, procedures and
mathematical art

7{) 2. The story of the Mygalomorph

s It might be a bit difficult to trace back who and when invented the story of the

“2. Mygalomorph. | found it in a very interesting book "Keys to infinity" by Clifford A. Pickover
S (see [3]). However, he mentions other publications, which are based on some other

publications, and so on. So, let us concentrate on the story of the Mygalomorph and draw

from it what we need for this article - the concept of linear patterns, which in this article

we will call spider nets.

In the Pickover's book the story of Mygalomorph goes like this:

"Consider a race of spider-beings named Mygalomorphs who spend their
days spinning webs upon circular frames. Status in their society is based on
the beauty of their webs. To create the web patterns, the spiders string a
straight piece of web from one point on the circle to another. Usually the
patterns are dull and uninspiring, and therefore most spiders are relegated to
lower societal classes.

One day, a rather intelligent Mygalomorph let a straight web piece amble
around the circumference of the circle, the front end going six times as fast
as the rear. In other words, every time the rear of the straight web moved
one space, the front end moved six. After a few moments' contemplation, the
Mygalomorph realized that by the time the fast end has completed one trip
around the circle, the slow end had traveled just a sixth of the way around.
His web grew ever more intricate as he continued weaving. His forelimbs
moved back and forth with lightning speed."
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Enjoy the patterns of his spider nets:

mygalo2(r, movl, mov2, i, @, 1) =

Prog
in=1
1:=11
Loop
If i > 360 exit
9= i.m/180

1 := APPENDCT, [[r-COSCmov1l-0), r-SIN(movl-0); r-COSCmovZ.0),
i+l

TIME 2014

-SIN(mov2 'a) ] ]}
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Even in the third dimension:
spider3d(3, 2, 1, 4)

spider3d(3, 2, 2, 2)

Tissa_env(rl, r2, a, b, c, d) == {-

TIME 2014

2 ~
rl-r2-(d-rl-C0SCa-t) -C0S(d-t) - C0S(a-t)-(b-rl-COS(b-t)-COS(c-t) = c-rl-SINCb-t)-SIN(c-t} + r2-(d-C0S(c-t)-C0S(d-t) + c-SIN(c-~

r1-cosCa-t)-(b-r1-COS(b-t) = d-r2.00S(d-t)) + a-r1-SINCa-t)-(r1-SIN(b-t) = r2-SIN(d-t)) = r2-(b-r1-005(b-t)-C0S{c~

t)-SIN(d-t))) - C0S(c-t)-(a-SIN(a-t)-(r1-SIN(b-t) - r2-SIN(d-t)) - b-r2-C0s(b-t)-C0S(c-t)))

-t) + ¢-rl-SINCb-t)-SIN(c-t) = r2-(d-C0S(c-t)-C0S(d-t) + c-SIN(c-t)-SINCd-t)))

rl-r2-(rl-C0SCa-t)-(b-COS(b-t)-SINCd-t) - d-SINCb-t)-C0S(d-t)) + a-SINCa-t)-SINCd-t)-(rl-SINCb-t) - r2-SIN(d-t)) - b-r‘2-COSCb-t:

r1-C0SCa-t)-(b-r1-Co0S(b-t) - d-r2-C0S(d-t)) + a-rl-SIN(a-t)-(rl-SIN(b-t) —= r2-SIN(d-t)) - r2-(b-rl-COS(b-t~

)-Q0SCc-t)-SIN(d-t) = SINCb-t)-(c-r1-SIN(b-t)-SIN(c-t) - r2-(d-C0S(c-t)-C0S(d-t) + c-SINCc-t)-SINCd-t)))) ]

)-Q0SCc-t) + c-r1-SINCb-t)-SINCc-t) = r2-(d-COS(c-t)-C0S(d-t) + c-SIN(c-t)-SIN(d-t)))

CAS in its purest form supports to find the Tissaenv(l. 4. 5. 3. 3. )
envelops of families of Lissajous curves.

Tissa_env(l, 1, 111, 111, 185, 185)
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A challenge for TI-Nspire — and for me, of course, too:

A :V; OO
AN
7NN

A
000

[ mygalol200,2.5,5.5,560, 1)
mygalo(200,2.5,5.5,720,2)
mygalo(200,2.5,5.5,360,2)
mygalo(200,2.5,5.5,260,1)
mygalo(200,2.5,5.5,360,2)
mygalo(200,3.5,5.5,260,2)
mygalo(200,4,3.6,180,2)
mygalo(200,2.5,5.5,260,1)

© Just try some mygalos from above and enter

© your own ones changing the parameters

TIME 2014

<l

mygalo

Define mygalo(r,m],mz,nn,step)=
Prgm
Local &
. step 1

180.
ni=nn
xxI:=seqlr cos(rnI' i a),?‘, O,n'n)
yyI=seqlr sin(m]* i a),i, U,mr)
xx2:=seqlr cos(rr!Z- i a),i, O,nn)
yy2:=seqlr sin(m} i a),i, O,nn)

[3)

ﬂ(.t',}',t):=£(f(x‘y, t)) » Fertig

:solve(f(x‘y, t) and fl(.\’.v,t),{.t',y })

T A
v+ cos|m2- ——|—r - cos|ml- ——
180 180

» (1;12- cos(m]-i-a}+m7-cos(m2-i-a)) X )
xe:=seq ,1,0,nn
ml+m2
, (r (mZ' sin(rn]*z*a)+m!*sin(m2*i'a)) . )
ve:=seq — L1,0,nm
(r*cos(m2*8, r*sin(m2*0))
with 6 = t*m/180.
. T . 7
r sm(m.?- —)—r- sm(ml‘- —)
(m1-tm) 180 180 tm ,
i(.x‘y,t):=_}'—r- sin *|x—r - cos\ml-——]|| » Fertig
180 180

ml-mt m2-mt
——|+ml1- cos|———
180 180

):ﬁO and x=

180 180

re|m2: cos(
(mZ- Tt-r) (m]-n-i
* cos —COS|

| mlmet o m2met
e |m2- sin|————|+m1- sin|————
180 180 /| A\

and y=
ml+m2

ml+m2

This is the parameter representation of the envelope.

We use the derived equation to accomplish the program.

The envelope is presented in the Graph—Application
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TIME 2014

An inspiring communication with Alfred Roulier from Switzerland helped to overcome plotting

deficiencies of TI-NspireCAS — because it is not possible to program plots as it was possible with Voyage
200 and TI-92. Alfred inspired me to work with LUA (a script language enabling programming the TI-

Nspire.

Anzahl Schritte/number of steps n:=360 Radien r1:=200 » 200 r2:=250 = 250
Parameter a:=1*1 b=1*1 ¢=6*6 d=6*6
Streckenendpunkte / endpoints of the segments

ari-ml.
=seqirl- co:;( ),1,1,n
180.

- { 200.,200.,200.,200.,199.,199.,199.,198.,198.,197.,196.,196.,195.,194.,193.,192.,191.,190.,189

b. 1
:=seq(rl- sin[ I'7 )l 1.|1]
180.

5 { 3.49,6,98,10.5,14.,17.4,20.9,24,4,27.8,31.3,34.7,38.2,41.6,45.,48.4,51.8,55.1,58.5,61.8,65. ¢

x2:=geq|r2- cos(c‘ =T iln
180.

- {249.,245..238.,228.,21'}'.,202.,186.,167.,1-}?.,]25.,103.,77.3,52.,26. 1,0.,-26.1,-52.,-77.3,-102.»

2 2 si [d‘i'“)‘l
y2:=seq|r2- sin iln
180.

’ { 26.1,52.,77.3,102.,125.,147.,167.,186.,202.,217.,228. ,238.,245.,249.,250.,249. 245, 238. 228.

—

X

-

y

Farbgang / Colour Changing
h1:=60 » 60 h2:=350 » 350 s:=1 » 1 v:=0.9 » 0.9|farbgang(hlh2sv) » Fertig

red
. { 226.,223.,220.,217.,214.,211.,208.,205.,202.,199.,196.,193.,189.,186.,183.,180.,177.,174.,171

. Script Editor
Datei Bearbeiten Fehlerbehebung Ansicht  Hilfe
\ (i === — Cahiers T* Europe
() - = Eaniers T Europe
AP | o @ # @ o o Vlaanderen nr. 35
Skript pt Skript  Fokus iep  Haltepunkte Hallepunkis  Berechtigungen
anhalten fortsetzen festiegen  skript e aktivieren e ere festlegen |
mygalo T* EUROPE

lplatform.apilevel = '1.0°

2

3 function on.create()

4 h=platform.window:height(}

5 w=platform.windowiwidth(} Aal"l de Slag met LUA

6end
7 LUA-scripts in TI-Nspire
@ function on.resize(width, height)

9 h=height
pli} w=width

1lend

i:z') function on.enterKey() An'soge Brugg;man
14 placform.window: invalidate() Jan-K’:;iOghu?;foe{:
i: - Joline Strubbe

Virginie Vileyn

: rot = {} ; gruen = {}; blau = ()

for i=1,n do
x1[1i] = 0 ; x2[1] = 0 ; yl[i] = 0 ; y2[i] = 0 ; rot[i] = O ; gruen[i] = 0; blau(i] =0

end

25 — Ko

26 xl=(var.recall{"x1"” or 2)) : x2=(var.recall("x2" or 2))
27 yl=(var.recall{"yl"” or 2)) ; y2={var.recall("y2" or 2))
28 — Farblisten tibernehmen

29 rot=(var.recall("red” or 1)); gruen=(var.recall("green” or l)):blau=(var.recall("blue” or 1))
30 — linien zeichnen
31 for i=1,n do

32 gc:setColorRGB(rot[i],gruen[i],blau[i])

33 ge:dravline (w/24x1[1],h/2-y1[1],w/2#x2[1],h/2-¥2[1])
34 end

35 end|

There is a great booklet on LUA (in Dutch) produced by the Flemish section of T°.
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TIME 2014

This are two products of a LUA script performing continuous change of colours.

Another LUA-product showing sliders for changing the RGB colour mix.

I’d like to recommend Steve Arnold’s great tutorial for LUA scripts:

http://compasstech.com.au/TNS Authoring/Scripting/index.html

Talking about “Inspirations from Outside” I have to mention our holidays and travels. Some of you know
that the background pictures imported to DERIVE and TI-Nspire have always been a rich resource for

investigation and modelling.

Last spring we were on a hiking week on the wonderful island of Madeira.
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I mark five points on the levada and try to find the
respective equation, assuming that it might be a
conic.

The first calculation gives the equation of the curve
in implicit form. Its form is convincing me that the
mapping of the curve is a conic, so it must be a
conic in reality, too.

The next calculation gives details about the conic.

-0.13 0.74
0.075 0.612
0.4 0.11
0.51 -0.69

0.2 -1.35

con(x, y) =x + axswy + by +cx+dy+exz1

[}

TIME 2014

S

' ¢ Y 3
’ ALeygada Hike on _Mﬂdei

raf

SOLUTIONS([con(-0.13, 0.74), con(0.075, 0.612), con(0.48, 0.11), con(0.51, -0.69), con(0.2, -1.35)], [a, b, <, d, e])

[[-1.410029771, 2.445638703, 4.557897838, 2.339815427, -1.630713315]]

7

+ — 1.410029771 :x
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TIME 2014

2 2
ch_conic(x - 1.41.x:y + 2.45.y + 4.56.x + 2.34.y - 2.63)
[ Typ Mittelpkt Hauptachse  Nebenachse Scheitel 1
Type Center Major axis Minor axis Vertices

=7.046451201 -2.950427285

0.4812365927 0.1061512452
El1lipse [-3.282607304, -1.422138020] 4.149459228 8.124577271
-2.502065279 -3.344443177

L -4.063149325 0.5001671373 J J

Another conic was discovered in Costa Rica in last fall:

i 1]

f
q’ﬁ.. i

g dsm [T

r||.

- BT T TTO—

This is the football stadium in San José where Costa Rica gained participation at the World Cup 2014
which is held in these days in Brasil, lucky Costa Rica.

Costa Rica is more famous for its coffee beans, its way of life and its wild life: apes, sloths, crocodiles,
iguanas, frogs butterflies and birds. We expected to meet parrots and toekans.

Can you become inspired by a bird?
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TIME 2014

(DNspired by a Bird?

¥|
xovi={-5.58,74.98,1.47,-3.4,0.21 } {-5.58,4.98,1.47,-3.4-0.21} 2
yvi={-0.14,0.69,1.89,1.51,2.06 } {-0.14,0.69,1.89,1.51,2.06 }
LnReg xxvyv,1: CopyVar stat.RegEqn /5. stat.results "Fehler: Bereichsfehler"
xxv:={ -5.58+6,74.98+6,-1.47+6,-3.4+6,-0.21+6 } {0.42,1.02,4.53,2.6,5.79 }
LnReg xxvyyv,1: CopyVar stat.RegEqn.f3: stat.resuits
"Titel" "Logarithmische Regression"
"RegEqn" "at+b- In(x)"
"a" 0.634963
" 0.840138
" 0.996566
"r" 0.998281
"Resid" u{."]n
"ResidTrans" s
) 0.840138 In(x)+0.634963
Blxre) 0.840138- In(x+6)+0.634963 |

|

YES, I can!!
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This is my last slide:

Conclusion

My examples shall demonstrate that one
can find interesting and challenging
problems for applying a CAS not only in
textbooks.

These problems can be for students of
various mathematical levels and just for

one’s own entertainment.
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