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Inspirations from Outside
Josef Böhm, ACDCA & DUG, Austria, nojo.boehm@pgv.at

Abstract: As a regular reader of journals, daily and weekly newspapers, digital newsletters,
etc, I got many inspirations for treating the presented problems or ideas by means of a CAS. It
is obvious that tables presented in scientific and economic journals inspire for graphic
representation and statistic investigations. This will not be treated in this talk.
My examples shall demonstrate that one can find interesting and challenging problems for
applying a CAS not only in textbooks. These problems can be for students of various
mathematical levels and just for one’s own entertainment. Among these examples are:
modelling a baroque pillar with an interesting cross section, finding an analytic proof for a
geometric problem, investigating the equation of a locus which was generated by a dynamic
geometry program, modelling a special evolution strategy, and modelling the pricing of call &
put options. Solving brain twisters discovered in journals or in respective collections of such
problems with a CAS need other competencies than solving them by reasoning (see also my
respective workshop).
A very special inspiration was given by working with LUA – a programming language which
can be used with TI-NspireCAS. Clifford Pickover’s “Mygalomorphs” get a new quality by
applying sliders for changing shape and colours rapidly. This realisation of the “inspiration”
was the result of a fruitful communication with a Swiss colleague.
In my demonstration I will use mainly DERIVE and TI-NspireCAS – because I am most
familiar with these both systems.
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Many teachers are fixed on the problems given in the textbooks or which can happen in the future on the
kind of tasks given in the central exams.
It is my opinion that the math teacher should open the eyes and senses of the students for recognising
mathematics in their environment and encouraging them feeling "inspired" by mathematical contents to
treat them with their tools.
Over the years I found many inspirations for working with CAS – not only with my favourite means – the
background pictures. I am a regular reader of several journals and weekly newspapers and receive a lot of
newsletters from various software products.
You can expect a mathematical picture book with several chapters with not so detailed mathematical
explications. If you would like to get more information then please feel free to contact me.

Information Pages of Geometry

The interesting part was modelling the cross section.
I took an epitrochoid and worked – not surprisingly – with sliders changing the parameters of the cross
section curve and the screw surface.
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As the graph in the IBDG reminded me on a spiral surface I could not resist adding this solid, too. The
centre picture is a screen shot from the Nspire (software) pillar.

I sent my solution to the editor of the IBDG – and it was published.
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Gerhard Schröpfer, the editor, suggested another interesting way to generate the cross section. He strings
a sine wave along a circle.

Spektrum der Wissenschaft, the German edition of Scientific American,
is a rich resource for mathematical problems.

A special relation between
triangles is investigated. A
simple construction leads to a
chaotic dynamic system.
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Take any triangle in the plane and apply the following construction:
The vertices are reflected with respect to their opposite sides, giving the next triangle:
Black Æ Red Æ Blue

The position vector of P' (mapping of P) is given by a short vector calculation.
I generalise with DERIVE and we will inspect the DERIVE file and what will happen with the iterated
triangles!

The initial triangle:
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After three and after five iterations – the triangles become larger ...

.... and after 10 iterations:

Now let me perform 25 iterations and inspect the last four triangles:
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I have to zoom out very far to find them. The triangles tend to become equilateral!!!

In the Spektrum is given a Map of the Triangles which reminds on fractal patterns:

On the axes are two angles of the initial triangle (degree).
green: next step is an acute triangle – which tend to an equilateral triangle
blue: next step is a triangle in the green region
red: next step is a triangle in the blue region
yellow: next step is a triangle in the red region
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From a German “Scientific American Special Issue”
(1990).
I was – again – inspired by an article in an extra publication of the Scientific American where among
many other inspirations A. K. Dewdney presented "Pickover's Delicacies".

I was always fascinated by his creatures – the
BIOMORPHS but I never tried bringing them to life -

Pickover's Book is one of my – many –
favourite books.

Small creatures - - a result of an programming error.

It is an iteration of complex numbers e.g. z(n+1) =
z(n)^3 + c.
We check if abs(real(z(n))) or abs(imag(z(n))) for n <=
10 exceeds the value of 10 then we will not plot the
initial point, otherwise we will plot it. The initial
complex numbers are within a given rectangle in the
complex plane.

Transfer from a Meta Code into a DERIVE program
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Some little beasts
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It is funny to extend the investigated part of the plane and to play around with combinations of functions.
The fractal nature of the Biomorphs will become visible when we zoom in is special regions.
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The interesting fact is that Pickover discovered the Biomorphs because he made a mistake in a program
investigating several kinds of fractals.

My final “Inspiration” from the Spektrum.

I will demonstrate Quasi Random Numbers.

They play among others an important role in
financial Mathematics.

.
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We will start with creating the van Corput Sequence – which is a nice application of number systems.
The next illustration describes the recipe for generating the first eight “quasi random numbers” which are
fractions in [0,1).

The DERIVE realisation:

Equidistant x-values and respective van Corput values on the y-axis give quasi random points within a
given rectangle (from left bottom = lb to right top = rt)-

Taking another number base we get so called Halton Sequences and we can have two Halton Sequences
on both axes resulting in a Halton set (= a set of quasi random points).
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A Halton Set

Now let's apply these Quasi Random Points and compare with
Random Points (Monte Carlo Method).
I don't take the example with the circle in order to find an approximation for PI.
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I take a hexagon in the plane and would like to find its area (which is 15.2643 – calculated by Nspire in
the Geometry-Application). The students could do it by applying analytic geometry or vector calculation.
I plot 3000 points into a circumscribed rectangle (three times applying MC) finding errors between 0.28%
to 1.33%.
Two different Halton sets (again 3000 points) give the area with an error of 0.2% and 0.1%!!
This makes the difference!!
We can extend into space calculating the volume under a surface.

The result is not so bad!!
I told about applications of quasi random numbers
in financial mathematics. Doing some internet
research I came across other algorithms for
generating quasi random numbers as Faure
sequences and Sobol sequences. The “nice” fact is
that in most resources the same text is given. It
seems to be that “Copy and Paste” is exercised in a
very high degree.
The QRN given by a Faure sequence are product of an iteration process using an upper triangle matrix of
binomial coefficients.
Among the many papers which I inspected on the web there was among others thesis containing an
“interesting” upper triangular matrix of binomial coefficients. See the “thesis”-matrix and the correct one
on the next page.
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How to generate the 100th quasi random point in 4D-space using base 5:
Representation of 100 in base 5 is 4005 which gives 0.004 = 4/125 = 0.032 (Halton sequence). This
number is – represented as a vector [0,0,4] multiplied by this upper triangle matrix.
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We can compare the 3D Faure Sequences given
in the Financial Mathematics paper and the TINspire generated sequences.
There are also Sobol-sequences which I have
not generated until now – another Inspiration?

Where to use these QRN will be shown in my next “Inspiration”.

Introduction in Options from Economical and Mathematical Point of View
A great introduction into Option Pricing (discrete and continuous model).
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What are Options?

The question is: How can we find the correct price of the options. (Options are bets on fall or rise of
stocks and other goods like currencies, gold, and others.)
17

TIME 2014
Take any stocks, say NoRiskComp stocks. What we need to know are the stock prices of the last periods
(say 12 months). Then we can calculate the percentage change from one period to the other (rendite) and
further the average profit and its volatility.

We have mean 1≈.1% and volatility ≈ 7.6%.
We will generate the possible developments of the stock prices with DERIVE and we will inspect the
possible prices at the end of the third period. Stocks can rise or fall from month to month:

Aktienkurs = stock price
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The CAS-Binomial Model
Possible stock prices after 2, 3 or 4 periods based on estimations are:

2233
1921
1652
1421

What is the price of a call option on NoRiskComp stocks after 9 periods?

Stock price
Option price

The option price depends on the stock price and its
parameters (avgrend, volat) and on the exercise (or strike)
price.
The option price is calculated backwards by a simple
linear system of two unknowns.
19

2540 – 1800 =740
profit when exercised
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Can we do not only the calculation but also set up this option price tree wit a CAS? This is a challenge,
indeed. But we can!!

Black & Scholes Formula is the continuous model – based on a more or less – random rise or fall of the
stock price. The stock price follows a Brownian motion – see possible charts:
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And this is the right moment to point to the quasi random numbers. The Monte Carlo Method using
(pseudo) random numbers is substituted by applying QRNs.

We have kept in mind 117.56 as result of the Binomial Model, looks quite good!!
Let me leave financial mathematics and turn to Geometry (Expressions)!
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Again my beloved sliders. The envelope can be imagined but how does its equation look like?

It is a nice manipulation – using the power of a CAS – finding the implicit equation from the parameter
representation. I would not like to do it by pencil & paper.
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Another geometric challenge was
this heptagon.

Phil Todd: Yes, this is an example where the CAS may be counter-productive, as those
general trigs are not at all easy for it to deal with.
My proof avoids lengths and stays in the angle domain...
(Phil is the author of Geometry Expressions.)
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I didn’t expect this pretty formula for the length of one side of the polygon!!
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The MNU (=Mathematisch – Naturwissenschaftlicher Unterricht) is an organisation of German teachers
for mathematics, information technology, science, chemistry, biology and geography.
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Roland Köppl, the author of the article sent an extended Excel-file for the simulations which inspired me
to reproduce this simulation using CAS:
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It was in 1996 when I attended a Excel-seminar given by a colleague from Burgenland. Together with
numerous examples of Excel applications in financial mathematics and economics he demonstrated how
to generate random landscapes.

My DERIVE mountain range:

Description of the program parameters:
n is the number of grids (n × n)
ms is the maximal increase in the first profile (in the yz-plane)
af is the “slope factor with 0 ≤ af ≤ 1 (1 = monotonous increasing, 0.5 = increasing or decreasing equally
likely)
sf describes the dependency of one profile line from the last one (from left to right).
Good old COPROJECTION from DERIVE DOS times produces the complete grid of the landscape.
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and another one which is steeper and wilder
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The weekly German journal Die Zeit presents in every issue a ”Logical”. These are brain twisters or brain
teasers – puzzles which can be solved by logical reasoning. Then I found a lot of other resources offering
problems which are nice to be tackled by means of CAS.
Family Wulffers spends the holidays on family Oxens farm. When Mrs. Oxens shows
her farm to the four Wulffers children she asks "How old are you?".
Tanja laughs and answers: "Four years ago Hannah and I were of double age as
Ralf and Paul were together."
Her twin sister Hannah proceeds: "And when Paul will be as old as Ralf is now then
Ralf will be as old as I am now."
Mrs. Oxens looks despaired when Ralf says triumphantly: “When I will be one year
older than Tanja is now then Paul will be three times as old than Hannah then will be.
"
Good Mrs. Oxens looks a little bit scared and Paul adds: "I have calculated that in
twelve years our ages will sum up to exact 100 years."
Now Mrs. Oxens is completely confused and says: "Ok, one of you cannot calculate
but if the statements of the other three are correct, then I do know your ages."
Who did not calculate correctly? How old are the four Wulffers children?
The solution will be given in my “Brain Twisters Workshop”.
Another kind of problems are so called “Alphametiks”:

Substitute the characters by integers such
that the calculation becomes correct.

I worked with DERIVE because the Nspire’s memory is “too small”.
First of all I reanimated and adapted a program
from an early DERIVE Newsletter to generate all
all k-order permutations (without repetition =
variations) of n elements given in a list (vector).
See how this function works:
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I define the four numbers according to the decimal places of the characters and the equation is the
condition which must be fulfilled by the numbers.

As we have eight characters we need eight different numbers out of 0 through 9. all is the list of all
possible permutations. How many?
The SELECT command finds out the
right solution vector:

It seems to be that there are more
solution. Inspecting all vectors we find
out that the second element – which
represents the character A – cannot be 0.
So only the last combination is a possible
solution:

We can see that it can be helpful to mix two strategies: Reasoning and “CASing”.
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I’d like to show you the puzzle which inspired me to look for more Teaser (in German: Knobeleien or
Hirnverzwirner).

(Gerd Kebschull, Computer Knobeleien, Heise 1989)

(The Brain Twisters Workshop offers more examples and a collection of 50 problems in German and
English as well).
Clifford Pickover appears a second time as “inspirator”. Meet his Mygalomorphs which I met in
MathPAD Online:
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Enjoy the patterns of his spider nets:
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Even in the third dimension:

CAS in its purest form supports to find the
envelops of families of Lissajous curves.
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A challenge for TI-Nspire – and for me, of course, too:
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An inspiring communication with Alfred Roulier from Switzerland helped to overcome plotting
deficiencies of TI-NspireCAS – because it is not possible to program plots as it was possible with Voyage
200 and TI-92. Alfred inspired me to work with LUA (a script language enabling programming the TINspire.

There is a great booklet on LUA (in Dutch) produced by the Flemish section of T3.
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This are two products of a LUA script performing continuous change of colours.

Another LUA-product showing sliders for changing the RGB colour mix.
I’d like to recommend Steve Arnold’s great tutorial for LUA scripts:
http://compasstech.com.au/TNS_Authoring/Scripting/index.html
Talking about “Inspirations from Outside” I have to mention our holidays and travels. Some of you know
that the background pictures imported to DERIVE and TI-Nspire have always been a rich resource for
investigation and modelling.
Last spring we were on a hiking week on the wonderful island of Madeira.
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I mark five points on the levada and try to find the
respective equation, assuming that it might be a
conic.
The first calculation gives the equation of the curve
in implicit form. Its form is convincing me that the
mapping of the curve is a conic, so it must be a
conic in reality, too.
The next calculation gives details about the conic.
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Another conic was discovered in Costa Rica in last fall:

This is the football stadium in San José where Costa Rica gained participation at the World Cup 2014
which is held in these days in Brasil, lucky Costa Rica.
Costa Rica is more famous for its coffee beans, its way of life and its wild life: apes, sloths, crocodiles,
iguanas, frogs butterflies and birds. We expected to meet parrots and toekans.
Can you become inspired by a bird?
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YES, I can!!
42

TIME 2014
This is my last slide:
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